Applying Jarlskog's treatment of the CKM matrix, to the neutralino mass matrix in MSSM for real soft gaugino SUSY breaking and µ-parameters, we construct explicit analytical expressions for the four projectors which acting on any neutralino state project out the mass eigenstates. Analytical expressions for the neutralino mass eigenvalues in terms of the various SUSY parameters, are also given. It is shown that these projectors and mass eigenvalues are sufficient to describe any physical observable involving neutralinos, to any order of perturbation theory. As an example, the e − e + →χ 0 iχ 0 j cross section at tree level is given in terms of these projectors. The expected magnitude of their various matrix elements in plausible SUSY scenarios is also discussed. † Partially supported by EU contracts HPMF- CT-1999-00363 and HPRN-CT-2000-00149. 
Introduction
If the Minimal Supersymmetric Extension of the Standard Model (MSSM) is realized in nature, then some at least of the four possible neutralinos, should be among the lightest new particles to exist [1] . This is particularly true if R-parity is conserved, so that the lightest neutralino is absolutely stable and probably describes the Dark Matter.
Since the four neutralinos are generally mixed, their study is complicated, and it thus necessitates the discovery of efficient physically motivated ways to describe it. At the tree level, this mixing depends on the SUSY breaking gaugino masses M 1 , M 2 , and the µ Higgs sector parameter. These parameters could be real or complex depending on whether the new (beyond the Standard Model) interactions contained in MSSM respect the CP-symmetry or not. There already exist many papers where observables related to neutralinos have been calculated in terms of this mixing [2, 3, 4, 5] .
The main purpose of the present paper it to show that for real (M 1 , M 2 , µ), all possible neutralino observables can be described in terms of the matrix elements of four neutralino projections operators (one for each neutralino), and the neutralino masses. For all of them, explicit analytical expressions are then derived. Since these projection matrix elements and masses are themselves physically observable; a considerable economy in the description is thereby achieved.
In order to state our results and establish our notation, we first note that the neutralino mass term in the minimal SUSY Lagrangian is given by [1] 
where C = iγ 2 γ 0 in (1) is the usual Dirac charge conjugation matrix, while the Lcomponents of all neutralino fields are described in the "weak basis" by the column vector
The mass-matrix Y is of course symmetric and given by
where s β ≡ sin β, c β ≡ cos β. The only neutralino fields entering the complete MSSM Lagrangian are the components of Ψ 0 αL in (2) and their hermitian conjugates. If (M 1 , M 2 , µ) are real, then the symmetric matrix Y in (3) can be diagonalized through the real orthogonal transformation U 0 giving
where the real eigenvaluesmχ0 j can be of either sign and have been ordered so that
We callmχ0 j the "signed" neutralino masses, while the physical (positive) neutralino masses mχ0 j > 0 are related to them bỹ
As it is well known, the signs η j in (6) determine the CP-eigenvalues of the physical neutralino fieldsχ 0 j (j = 1−4). Their L-parts are related to the "weak basis" L-neutralino fields Ψ
where we define (η j = 1 or i) depending on whether (η j = 1 or − 1). Thus, η j =η 2 j . In U 0 αj at (7), the first index α counts the weak basis neutralino fields, while the second index j refers the mass eigenstate neutralinos. Using it, we then remark that the projector matrix to the j-th neutralino state is given by
where the basic matrices E j are defined such that their only non-vanishing element is (E j ) jj = 1. Thus the α, β matrix element of the P j -projector P jαβ = U 0 αj U 0 βj always act in the weak-basis space. As expected, the usual projector relations
are satisfied by (8) .
As already stated, in this paper we first construct explicit expressions for the projectors to the neutralino mass eigenstates. This is done in analogy to the Jarlskog's treatment of the CKM Matrix and it is presented in Section 2 [6] . In the first version of these expressions, the projectors are written in terms of the (M 1 , M 2 , µ) parameters and the neutralino masses and CP eigenvalues. But versions are also given in which the projectors are expressed in terms of (M 1 , M 2 , µ) and e.g. the masses of only the two lightest, or even only the very lightest neutralino. Phenomenologically these later expressions may be more useful in situations where only one or two of the lightest neutralino masses are known [4, 5] .
In the same Section 2 we also give an analytic solution of the characteristic equation for Y , which determines the signed massesmχ0 j in terms of (M 1 , M 2 , µ). In principle this neutralino-mass solution should be equivalent to the one presented in [7] . Nevertheless we give it here since its form is somewhat different, and because it is very useful for constructing the aforementioned projectors.
In Section 3 we then show that all neutralino propagators that can possibly appear in MSSM, are completely expressed in terms of the above projectors and the signed neutralino masses. This then leads to the conclusion that all neutralino information contained in any cross section involving either virtual or external neutralinos, is fully described in terms of the neutralino projectors and signed neutralino masses. As an example, we give the tree level formulae for the e − e + →χ 0 iχ 0 j cross section expressed this way. In the same Section we also discuss the numerical expectations for the matrix elements of the neutralino projectors, in various SUSY scenarios. A summary of the conclusions is given in Section 4.
The neutralino Projectors and masses.
The characteristic equation for the neutralino mass matrix generated by Y in (3) is
with
where s 2β ≡ 2s β c β There should exist four real solutions of (10) determining the signed massesmχ0 j , and thereby η j and mχ0 j ; compare (6) . To determine them we first construct one real root of the auxiliary cubic equation [8] 
Depending on the signs of a and ∆ defined as
the needed single real root of (12) is constructed as:
where any of the three choices n = 1, 2, 3 may be used.
• if ∆ > 0 , a < 0, then
We should remark at this point, that in all MSSM case studies we are aware of, the situation (∆ ≤ 0 , a < 0) is met, which indicates that (14) is probably the most useful case.
Using θ and defining also
we obtain the four signed neutralino masses from
The general expressions for the parameters (A − F ) do not allow us to order equations (18), so that (5) is satisfied in any model. This can efficiently be done in specific models though. Thus, in all thirteen benchmark SUGRA scenarios of [9] , (which are more or less consistent with all present constraints), the results in (18) give respectivelymχ0
being always negative and the rest positive. In Table 1 we present the neutralino masses and (M 1 , M 2 , µ)-parameters at the scale Q = √ mt 1 mt 2 , for seven of these benchmark scenarios, which are characterized by sufficiently light neutralinos, to be producable in the future Colliders; compare with Table 2 of [9] . At the end of the next Section, we come back to the consideration of these scenarios. We next turn to the projectors to the neutralinoχ 0 j mass-eigenstate, defined in (8) . In the most interesting case that all neutralino masses are different from each other, these projectors may be written, in analogy to the CKM treatment of Jarlskog [6] , as
,
where Y is given in (3). In (19), the projectors are written in terms of the matrix Y and all the "signed" neutralino masses. By using the explicit form of Y , and the theory of characteristic equations [10] , a more useful expression is obtained, which, apart from Y -matrix elements, involves only the corresponding signed neutralino mass. To present them we define (i = 1 − 4),
where A, B, D are given in (11). The matrix elements forP i (i = 1, 4) then read
where
As seen from (21, 22), each of these projector expression only involves the corresponding neutralino massmχ0 i and the (M 1 , M 2 , µ)-parameters. We have verified that these expressions satisfy the constraints (9) .
As advocated in [4, 5] , when the neutralinos will start being discovered, it would be interesting to consider situations where onlyχ ,mχ0
so that the projectors in (20, 22) can be expressed in terms of just the signed masses of the two lightest neutralinos, and an independent combination of M 1 , M 2 , µ [4] .
2 Notice that the requirement |mχ0 Furthermore, by using the equations in Appendix B of [4] , we can also express all projector elements in (20,22) in terms of justmχ0 1 and the needed two independent combinations of the relevant SUSY parameters. Thus, the projector formalism can be easily adapted to the various situations that might appear during the neutralino searching, [4, 5] .
The neutralino Observables in MSSM.
Since the only neutralino fields entering the MSSM Lagrangian, are the "weak-basis" fields appearing in (2) and their hermitian conjugates; it follows that the only neutralino propagators that can contribute in any possible diagram are just
where (α, β) count the weak-basis fields.
Denoting then the elementary propagator functions as
we find that the weak-basis neutralino propagators of (24) are given at lowest order by
F (x − y; mχ0
where the usual charge conjugation Dirac matrix C has been given immediately after (1) . Notice that (26) only involves the scalar propagator function in (25). As it is seen from (26, 27), the η j signs always appear multiplied by the corresponding neutralino masses. Therefore, any neutralino exchange contribution in any SUSY diagram, is fully described by the neutralino signed masses and the projectors we have already constructed. The Cutkosky rules then guarantee, that the observable contribution from any external neutralino can also always be described in terms of its signed mass and projector. Therefore, the signed masses and projectors contain all observable neutralino contributions to any order of perturbation theory.
As an example of this result, we give below the tree level differential cross section for e − e + →χ 0 iχ 0 j . The contributions to this process arise from s-channel Z-exchange, and t-and u-channelẽ L andẽ R exchanges. The differential cross section may then be written as [2] dσ(e − e + →χ
with the r.h.s. representing respectively the Z-,ẽ L -andẽ R -square contributions, as well as the Zẽ L -and Zẽ R -interferences 3 . These can be written as
where g ve = −0.5 + 2s 2 W and g ae = −0.5 are the vector and axial Zee-couplings. These results have already been presented in [2] . The only new thing here is that they have been expressed in terms of the neutralino projectors. Notice that, since the neutral gauginos do not couple to the gauge bosons in MSSM, the Z-square contribution in (29) only depends on the Higgsino-Higgsino matrix elements of theχ and Bino-Wino matrix elements of P i and P j . The Zẽ R -interference only depends on the Bino-Higgsino matrix elements of P i , P j ; while in the Zẽ L -interference case, the WinoHiggsino matrix elements of the same projectors also appear; compare (32, 33).
We next turn to the numerical expectations for the various matrix elements of the neutralino projectors. These can easily be constructed in any model with real (M 1 , M 2 , µ) parameters, by using either the set of equations (19), or the set (20, 22) and the results of Section 2. An obvious remark we should nevertheless probably make, is that each such set of equations has to be used at a definite scale. This means that in case two neutralinos have very different masses, we would have to use the appropriately scaled different values for the (M 1 , M 2 , µ) parameters, in order to determine their projectors at their physical masses.
As an example, we consider the supergravity inspired benchmark scenarios recently suggested in [9] , which are more or less consistent with what is presently known from LEP, b → sγ, g µ − 2 and cosmology 4 . In Table 1 , we have already presented the neutralino masses and (M 1 , M 2 , µ)-parameters at the scale Q = √ mt 1 mt 2 , for seven of these scenarios, characterized by not very heavy neutralinos. In these scenarios tan β is varying between 5 and 45. For these same scenarios and scale, we give in Table 2 the matrix elements of the four neutralino projectors. Following [9] , we discuss separately below the scenarios ( A,C,D,G,I,L) and E respectively.
• A,C,D,G,I,L.
The projector for the lightest neutralinoχ 0 1 in all these cases, is such that the P 111 element is much larger than all the rest. Thus,χ 0 1 is always almost a pure Bino. The next neutralinoχ 0 2 is dominated by the Wino, but the admixture from the two Higgsinos is not absolutely negligible; compare P 222 with P 223 and P 224 . In fact this admixture tends to increase with the ordering of the scenarios appearing in Tables  1 and 2. The next two neutralinos tend to consist of roughly equal mixtures of the two Higgsinos. In fact, from the signs of P j34 in Table 2 , we see that for the A, C, G, I and L scenarios,χ • E This is one of the two "focus-point" scenarios in [9] , corresponding to m 0 ≫ m 1/2 and tan β = 10. Againχ 0 1 is mainly a Bino, but the admixture from the two Higgsinos is not negligible; compare P 113 and P 114 from Table 2 .
The most important contribution toχ 0 2 comes from the Wino; but the contributions from the Higgsinos are also quite important and even the Bino is non-negligible. Compare P 222 , P 233 , P 244 , P 212 , P 213 , P 214 and P 211 . A similar situation appears also forχ Before concluding the discussion of the P jαβ matrix elements in the various scenarios of [9] on the basis of Table 2 , we should emphasize that they have been calculated at the rather large scale Q given in the second column of Table 1 . These numbers give then, only a rough indication of the situation. In order to get the corresponding matrix elements affecting the actual production of a specific neutralino, we should of course determine P jαβ by substituting in (20, 22 ) the values of M 1 , M 2 and µ at the appropriate scale of the physical situation involved.
We next turn to the discussion of the implication of these results to the e − e + →χ 0 iχ 0 j cross section presented in (28-33). As an example, we concentrate to theχ are almost pure Higgsinos, and there is no Feynman diagram inducing a BinoHiggsino production. Because of this, in (29-33) there is never any contribution involving products of the form P 111 P 333 , P 111 P 344 , P 111 P 334 or P 111 P 433 , P 111 P 434 , P 111 P 444 .
Summary
Restricting to real values of the (M 1 , M 2 ) SUSY breaking parameters and of the SUSY scalar sector parameter µ; we have constructed explicit expressions for the neutralino projector matrices and the signed neutralino mass eigenvalues.
We have then shown that these quantities are sufficient for expressing any physical observable related to neutralinos. In fact, the cross section for any process involving aχ 0 j neutralino in the final state, will just be proportional to matrix elements of its projector P j , and may also depend on its signed massmχ0 j = η j mχ0 j . These quantities contain therefore, all physically relevant information concerning the specific neutralino.
If more than one external neutralinos are involved in a process, then in a physical observable, each neutralino will be described by its own projector matrix elements and signed mass.
Moreover, the projectors and signed neutralino masses, are also sufficient to describe any virtual neutralino exchange contribution in MSSM, to any order in perturbation theory.
These facts, together with their easy construction from the parameters in the SUSY Lagrangian, should make the use of projectors a rewarding approach for calculating neutralino processes.
To convince the reader for that, we have presented the e − e + →χ 0 iχ 0 j differential cross section in terms of the neutralino projector matrix elements. As an orientation on their expected magnitude, we have also given their values at the scale Q = √ mt 1 mt 2 , for all SUGRA benchmark scenarios of [9] , which can accommodate that at least some of the neutralinos will be within the reach of LHC or the future Colliders.
On the basis of these we could certainly claim that the use of the projectors strongly emphasizes the physical origin of the various terms in neutralino related observables.
Finally a word of caution should be added. The claim that the contribution of any neutralino can be completely described by the corresponding projector matrix and signed mass, is only made for real (M 1 , M 2 , µ)-parameters in the MSSM Lagrangian. For complex (M 1 , M 2 , µ), additional information is needed. The investigation of this problem is beyond our present scope. 
